In this paper we make re-analysis of a self-similarity based model of the proton structure function at small x pursued in recent years. The additional assumption is that it should be singularity free in the entire kinematic range 0 ≤ x ≤ 1. Our analysis indicates that the singularity free version of the model is valid in a more restrictive range of Q 2 . We then analyse the defining Transverse Momentum Dependent Parton Distributions (TMD) occurred in the models and show that the proper generalizations and initial conditions on them not only remove the undesired singularity but also results in a QCD compatible structure function with logarithmic growth in Q 2 . The phenomenological range of validity is then found to be much larger than the earlier versions. We also extrapolate the models to large x in a parameter free way.
I. INTRODUCTION
Although renormalization group equation of quantum field theory [1] exhibits selfsimilarity [2] , it is not yet established rigorously in QCD, the accepted fundamental quantum field theory of strong interaction. However because of its wide applicability in other areas of physics [3] [4] [5] including condensed matter physics, its applicability in the study of structure of the proton is worth pursuing at least at phenomenological level. In the middle of 1980's, the notion of fractals has found its applicability in hadron production process [6] [7] [8] [9] when the self-similar nature of hadron multi-particle production process was suggested. Specifically in 1990, Bjorken [9] highlighted the fractality of parton cascades leading to the anomalous dimension of phase space.
Relevance of these ideas in the contemporary physics of DIS has been first noted by Dremin and Levtchenko [10] in early 1990's where it was shown that the saturation of hadron structure function at small x may proceed faster if the highly packed regions of proton have fractal structures. However, it was Lastovicka [11] in 2002, who first suggested the selfsimilarity as a possible feature of multipartons in the proton specially in the kinematical region of small Bjorken x, which in later years was pursued in Ref [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Specifically how quarks and gluons share the momentum fractions of the proton in self-similar way was studied in [18, 19] , large x behavior of parton distribution functions (PDF) and double parton distribution functions (dPDF) in [20] , and Froissart saturation in [22] .
One of the apparent limitations of the phenomenological analysis of Ref [11] is that it has a singularity at x 0 ∼ 0.019 which is well within the kinematical range 0 ≤ x ≤ 1. However such singularity is not a common expectation from any physically viable model of proton structure function F 2 (x, Q 2 ).
In the present paper, we therefore make a re-analysis of the model of Ref [11] , demanding it to be singularity free in the entire x-range of 0 ≤ x ≤ 1. To that end we will use the more recently complied HERA data [23] [24] [25] , instead of analysis of Ref [11] where as previously reported data were used Ref [26, 27] . In section II, we outline the formalism, and in section III, we discuss the results and compare the two version of the model and their limitations.
A plausible way of removing the limitations of the models is suggested in section IV through a reconstruction of the defining Transverse Momentum Dependent Parton Distributions (TMDPDF). Specifically, we show that the proper generalizations and initial conditions on them not only remove the undesired singularity but also results in a QCD compatible structure function with logarithmic growth in Q 2 . The phenomenological range of validity is then found to be much larger than the earlier versions. Section V contains the conclusions.
II. FORMALISM
A. Proton structure function based on self-similarity
The self-similarity based model of the proton structure function of Ref [11] is based on transverse momentum dependent parton distribution function(TMD) f i (x, k 2 t ). Here k 2 t is the parton transverse momentum squared. Choosing the magnification factors
, it is written as [11, 20] 
where i denotes a quark flavor. Here is introduced to make (PDF) q i (x, Q 2 ) as defined below (in Eqn 2) dimensionless. The integrated quark densities then can be defined as
As a result, the following analytical parametrization of a quark density is obtained by using Eqn(2) [19] : (Model 1)
where
is flavor independent. Using Eqn(3) in the usual definition of the structure function
or it can be written as
Eqn (5) involves both quarks and anti-quarks. As in Ref [11] we use the same parametrization both for quarks and anti-quarks. Assuming the quark and anti-quark have equal normalization constants, we obtain for a specific flavor
It shows that the value of D 0 will increase as more and more number of flavors contribute to the structure function.
With n f = 3, 4 and 5 it reads explicitly as
respectively.
III. RESULTS

A. Analysis of singularity free model
To determine the model parameters (
we have used the compiled HERA data [23] instead of earlier data [26, 27] used in Ref [11] . The more recent HERA communication [24, 25] We also observe the following features of the model compared to data: at Q 2 = 1.5GeV 2 data overshoots the theory. But as Q 2 increases, the theoretical curve comes closer to data.
At Q 2 =10 GeV 2 , on the other hand, the theory exceeds data. Main reason of this feature is that the x-slope of the model is less than that of the data. Specifically, due to positive D 3 , the growth of the structure function with Q 2 becomes faster seen from Eqn (15) i.e.
+ Q
at higher values of Q 2 > 1 GeV 2 to be compared with
that of Ref [11] . This is the major limitation of the present singularity free version of the model: effort to make it singularity free reduces its phenomenological range of validity drastically. 
B. Graphical representation of TMD
It is interesting to predict the k 2 t -dependance of unintegrated parton distributions (TMD) from the x and Q 2 dependence of the integrated parton distribution function (PDF). Clearly this can be done within a model framework, as has been noted in Ref [28] as well as in Ref [15] .
Though it should be of interest to explore this approach to study k t . Using Eqn(1), TMDs for the two models can be written as:
To evaluate Eqn (18) and (19), we take the mean value of the parameters from Eqn(12) as well as Table I respectively. We use Eqn (8) (18) and (19) for representative values of (i) x = 10 −4 and (ii) x=0.01 setting M 2 = 1 GeV 2 .
The allowed limit of k 2 t is considered to be less than the average value k The present graphical analysis of TMDs (Fig 2-3 the usual qualitative feature of TMD [28] which decreases as k 2 t increases. Thus to keep the TMD well behaved, negative D 3 appears to be a necessary condition which we will attempt to rectify later.
Let us now compare the structure of the model TMDs (Eqn18-19) with the suggested forms [28, 34] available in current literature.
The standard way to study TMDs is through the factorization approach [29] [30] [31] where x and Q 2 -dependence are factorized into a PDF q i (x, Q 2 ) and a Gaussian transverse momentum 
FIG. 4. Gaussian TMD vs k
, and
Gaussian form (Eqn 22) [28] . In this sense the present models are close to the corresponding non-factorisable models of Ref [32] [33] [34] . Only in the absence of correlation term
such factorization property emerges. In this limit the k 2 t dependent functional form of TMD (regarding Models 1 and 2: Eqn 18-19) are given bỹ
respectively in contrast to a Gaussian function (Eqn 22). Introducing a k 2 t cut off 0 < k (24) and (25) will satisfy the normalization condition (Eqn 23) with a normalization constant
respectively. In Fig 4, we compare the Gaussian TMD Eqn (22) with the model TMDs (Eqn [24] [25] in the absence of the correlation term. We note that here the k
IV. IMPROVED VERSION OF THE SELF-SIMILARITY BASED MODELS
A. A plausible way of removing the TMDPDF and PDF anomalies
Let us discuss a possible way of removing the short coming of the models under discussion.
As noted in Ref [22] this approach has taken the notion of self-similarity to parametrize Parton Distribution Function (PDF) and eventually the structure function. However, the variables in which the supposed fractal scaling of the quark distributions and F 2 (x, Q 2 ) occur are not known from the underlying theory. In Ref [11] , the choice of
is presumably because of the power law form of the quark distributions at small x found in Glück-Reya-Vogt (GRV) [35] distribution. However, this form is not derived theoretically but rather follows from the power law distributions in x assumed for the input quark distributions used by the GRV distribution for the QCD evolution. [37] . Same is true for the magnification factor
as occurred in defining TMD (Eqn 1) which is the source of the anomalous relationship between the apparent necessity of a singularity of the structure function and the physically expected behavior of TMD to describe the finite intrinsic transverse momentum of partons in Proton.
The magnification factor M 1 can be considered as special case of a more general form :
The qualitative feature of physically plausible TMDs can be achieved only if all the coefficients α i (i = 0, 1, 2, . . . , n) vanish. Only in a specific case, where α 1 = 1 and all other coefficients cases vanish lead to the original M 1 as defined in Eqn(1).
The defining TMD therefore can be generalized to
instead of Eqn (1), such that the generalized TMD will take the form
with the form ofM 1M
Taking only the two terms of Eqn(31),M 1 can be written aŝ
and the corresponding TMD (Eqn 30) becomeŝ
Assuming the convergence of the polynomials as occurred in Eqn(34) we obtain :
After integration over k 2 t , it yields the desired PDF
Using Eqn (36) in Eqn(5), the usual definition of structure function, it giveŝ
with the condition thatD
as the equality will yield a undesired singularity.
The above model of structure function (Model 3) has new 7 independent parameters
0 to be fitted from data and compared with the previous models (Models 1 and 2 ). If the model parametersD 1 andD 3 satisfy the additional
then the resultant TMD becomes : (Model 4)
while the integration over k 2 t leads to the PDF
And the corresponding structure function is
which is completely free from singularity except forD 2 ≥ 1 . Such singularity is, however, consistent with the usual Regge expectation [38] [39] [40] [41] [42] . The model has now got 4 parameters:
B. Extrapolation of the self-similarity based TMDPDF from small x to large x
The models of TMDPDFs or PDFs discussed above were basically constructed to test it in the small x range. It did not take into account the large x behavior [39] [40] [41] [42] [43] of the PDF or structure function
which is not unexpected. The important observation which motivated and justified the use of self-similarity concept was that for x < 0.01; the logarithm of the derivative of the unintegrated parton distributions log
is a linear function of log x (Fig 2.8 .a of Ref [11] ). The idea of self-similarity is based on the fact that at small x, the behavior of quark density is driven by gluon emissions and splittings such that the parton distribution function at small x and those at still smaller x look similar (upto some magnification factor). In the opposite limit, at large x, there is no physical reason for self-similarity and no phenomenological justification till date. In other words, extending the approach of large x means applying the self-similarity concept where it is not expected to work. On the other hand, it is not unreasonable to assume that the self-similarity does not terminate abruptly at x ≈ 0.01, but smoothly vanishes at x = 1, the valence quark limit of proton with no trace of self-similarity at all.
As in Ref [20] , we take this alternative point of view in structure function. We suggest a simple interpolating models TMDPDF/PDF which approaches the self-similar one at x → 0 (Eqn 1), and still satisfy Eqn(43) at large x, x → 1. A plausible way of achieving it in a parameter-free way is to make a formal replacement of 
which leads tof
Generalizing the magnification factorM 1 as in Eqn (33) and taking only the two terms and assuming the convergence of the polynomials occurring in the expression as in Eqn (34) we obtain the generalized TMD as : (Model 5)
And hence corresponding PDF(q i ) and structure function F 2 will bē
and
Imposing the conditionD
will lead to corresponding TMD, PDF and structure function as : (Model 6)
Corresponding PDF
and corresponding structure function
C. Comparison of self-similarity PDF with standard PDF As in Ref [20] we will now compare the parametrization of self-similarity PDF Eqn (3), (14), (36), (41), (47), and (51) with the common behavior of quark and gluon distributions obtained in the standard parametrization like CTEQ [44] . Setting Q 2 = Q 2 0 we have from Eqn (3), (14), (36), (41), (47), and (51) (Model 1)
Here
And
(62)
Where
The x -dependence of l 1 (x) and l 2 (x) defined above are due to the correlation between two magnification factors M 1 = 1 + 
where the superscript i indicates flavor dependence. At small x it reduces to Eqn(66).
Let us construct the number of parameters as occurred in standard canonical parametrization and self-similarity parametrization Eqn(3), (14) , (36), (41) all are flavor independent. It implies, each flavor does not distinguish quark and anti quark.
Thus the number of parameters in self-similar PDFs for the above models (1-6) are given in Table II . The first brackets in Column 2 of Table II correspond to number of parameters for quarks, while the second one, number of parameters for gluon.
The CTEQ [44] , more recent HERAPDF1.0 [23] , HERAPDF2.0 [24] , and Ref [39] parametrization have the corresponding forms
respectively, where
Here L 4 basically represents a smooth function which remains finite both x → 0 and x → 1.
In the limit D 1 s=0, the terms occurring in In this section, we make a comparison of TMDPDF/PDF and structure function of Models 4 and 6 since only these two have logarithmic Q 2 rise in PDF and structure function.
Model 6 is the large x extrapolation of Model 4.
To determine the parameters of Model 4 and Model 6, we have used the compiled HERA data [23] as used in earlier work (Model 2). We make χ 2 -analysis of the data and obtained the phenomenological range of validity of Q 2 and x.
For Model 4 the fitted parameters are given in Table III Table IV . The number of data points ofF ′ 2 is 302.
In Fig 5 and 
Graphical representation of TMDPDFs of Model 4 and 6:
As in section III B, we use the Eqn (20) as illustrated example and for n f = 4 the form of TMDs of Models 4 and 6 are:
with eD 
Graphical representation of PDFs of Models 4 and 6:
The given form of PDFs for Models 4 and 6 are:
Graphical representation of PDFs of Model 4 and 6 are shown in Fig 9 and 10 . As expected both the models have proper log Q 2 rise. The rise of the structure function at small x is also compatible with Regge based models [38] [39] [40] [41] [42] .
V. SUMMARY
In this paper, we have made a comparative study of the two models of proton structure function based on self-similarity. The former model (Model 1) has got its singularity at The model has now got larger phenomenological range of validity in Q 2 than the earlier ones.
Assuming that the notion of self-similarity can be smoothly extrapolated into larger x, we have also obtained a model at large and small x (Model 5) for TMDPDF/PDF and structure function. As in previous case at small x (Model4), under specific condition amongst its model parameters, log Q 2 rise in the resulting structure function (Model 6) emerges.
The extrapolated model has also been tested with combined HERA data [23] and wider phenomenological range of x and Q 2 has been obtained as expected.
Let us end this section with the theoretical limitation of the present work. As noted in the introduction, self-similarity is not a general property of QCD and is not yet established either, theoretically or experimentally. In this work, we have merely used the notion of self-similarity in parametrize TMDs and PDFs as a generalization of the method suggested in Ref [11] and have shown that under specific conditions among the defining parameters, logarithmic rise in Q 2 of structure function is achievable even in such an approach, compatible with QCD expectation and has wider phenomenological (x − Q 2 ) range of validity. It presumably implies that while self-similarity has not yet been proven to be a general feature of QCD, under specific conditions, experimental data can be interpreted with this notion as has been shown in the present paper. However, to prove it from the first principle is beyond the scope of the present work.
